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Abstract
In this paper we split the defining relations of the two well known one-parameter quantizations
of GL(2), Manin and Dipper–Donkin, into two bialgebras. We recombine these bialgebras to obtain
two-parameter quantum groups. We find “one-sided preantipodes” for these bialgebras. By fixing
the condition for these maps to be an antiautomorphism of the whole algebra and setting particular
commuting relations for the corresponding determinant, we recover the Manin and Dipper–Donkin
quantization plus an additional quantum group that is a particular case of the two-parameter Takeuchi
quantum group.
 2003 Elsevier Inc. All rights reserved.
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1. Introduction
An important subject in the theory of quantum groups is to finding all possible
systems of quadratic relations that admit a correct coalgebraic structure since the quantum
deformation of the group requires (and defines) a set of quadratic relations of this type
(normally FRT-relations). This paper is intended to pave the way in this direction.
One of the best-known examples of quantum groups [13] is the well-known one-
parameter family GLq(n) of deformations of the ring of functions on GL(n). These one-
parameter quantizations are known in two ways. The standard one arises as a dual Hopf
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Manin quantization [7]. The second one was defined by Dipper and Donkin [4].
In this paper we study multiparameter deformation through these two one-parameter
quantizations. We split the relations defining them into bialgebras that are suitable to be
recombined in order to define another quantum group. On these bialgebras we find the
maps called “one-sided preantipodes” well defined on the generators of the bialgebras.
They are not antipodes, since they are not antihomomorphisms of the bialgebra. Through
them we extend the bialgebra to one-parameter quantizations. In this process we recover
the Manin and Dipper–Donkin quantum groups plus another quantum group which is a
particular case of a two-parameter quantum group, deformation of GL(2), constructed by
Takeuchi [14].
Our approach is intended to construct multiparameter deformations out of the bialgebras
on which one-parameter quantizations split. There have been several attempts to extend
one-parameter quantizations. For example, in a recent paper [3] we can find an interesting
idea to construct a new Hopf algebra by means of the square root of the quantum
determinant. Recently several people have constructed other deformations, for instance
Gerstenhaber and Schack [5] studied the infinitesimal deformations of GL(n), and
noted that they depend on more parameters. Maltsiniotis in [8] and Takeuchi in [14]
constructed two-parameter deformations of GL(2) and GL(n), respectively. A family
depending on 1 + (n2) parameters has been constructed independently by Sudbery [11] and
Reshetikhin [12].
2. Preliminaries
Consider four noncommutative indeterminants X11, X12, X21, X22. Suppose that we are
given a coproduct on the space k[X], generated by these indeterminants which is written
like ∆(Xij ) =∑k Xik ⊗Xkj . This means that Xij generate a four dimensional coalgebra.
This coalgebra is minimal and it is isomorphic to the coalgebra dual to M2(C). We fix
the duality in the following way. Let e11, e12, e21, e22 be generators of the matrix algebra.
Consider this as a basis dual to X11, X12, X21, X22. We define a pairing by the formulae
(Xij , ekl) = δki δlj .
The method used in this paper is based on the following statements.
Lemma 1. A set of quadratic relations S in Xij defines a correct coalgebraic structure
if and only if the linear span L(S) of S is a coideal of the subcoalgebra k[X2]. This
coalgebra is the subspace of homogeneous polynomials of degree two in four variables,
has dimension 16, and it is isomorphic to the coalgebra dual to the algebra of 4 × 4
matrices over the main field, M4(C) [9].
Lemma 2. L(S) is a coideal of k[X2] if and only if L(S)⊥ is a subalgebra of M4(C),
where L(S)⊥ = {M ∈ M4(C) | (s,M) = 0, ∀s ∈ S} [9].
Because of these two lemmas the general problem is reduced to the investigation of
subalgebras in the algebra of 4 × 4 matrices. In order to transform the information about
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M4(C). We do this as follows (XklXij )∗ = ers , where ers , 1 r, s  4 are the matrix units
of M4(C), r = 2(k − 1)+ i and s = 2(l − 1) + j .
3. Minimal subcoideals
Let us consider at first the Manin case. Here we have a coideal I in k[X2] generated by
X11X12 − qX12X11, X11X21 − qX21X11,
X12X22 − qX22X12, X21X22 − qX22X21,
X12X21 − X21X12, X11X22 −X22X11 −
(
q − q−1)X12X21. (1)
This coideal has dimension 6. Therefore, its dual subalgebra I⊥ is of dimension 10. Let us
calculate the implicit form of this subalgebra in M4(C). We calculate the dual spaces for
each of the relations in (1), they are as follows:
(X11X12 − qX12X11)⊥ =


∗ qγ γ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗

 ,
(X11X21 − qX21X11)⊥ =


∗ ∗ ∗ ∗
qα ∗ ∗ ∗
α ∗ ∗ ∗
∗ ∗ ∗ ∗

 ,
(X12X22 − qX22X12)⊥ =


∗ ∗ ∗ ∗
∗ ∗ ∗ qβ
∗ ∗ ∗ β
∗ ∗ ∗ ∗

 ,
(X21X22 − qX22X21)⊥ =


∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ qδ δ ∗

 ,
(X12X21 − X21X12)⊥ =


∗ ∗ ∗ ∗
∗ ∗ η ∗
∗ η ∗ ∗
∗ ∗ ∗ ∗

 ,
(
X11X22 − X22X11 −
(
q − q−1)X12X21)⊥ =


∗ ∗ ∗ ∗
∗ ε + (q − q−1)η η ∗
∗ ∗ ε ∗

 . (2)∗ ∗ ∗ ∗
S. Rodríguez-Romo / Advances in Applied Mathematics 33 (2004) 146–157 149We can now get I⊥ in an explicit form for this case
I⊥ =


∗ qγ γ ∗
qα ε + (q − q−1)η η qβ
α η ε β
∗ qδ δ ∗

 . (3)
Lemma 3. For q2 = −1, the algebra I⊥ is conjugate in M4(C) with the algebra
R =


∗ ∗ ∗ 0
∗ ∗ ∗ 0
∗ ∗ ∗ 0
0 0 0 ∗

 ,
that is I⊥ = T −1RT for suitable invertible T ∈ M4(C).
Proof. Consider the following system of 16 elements, Eij , 1 i, j  4:
E11 = e11, E12 = F1√
1 + q2 , E13 = e14, E14 = e12 − qe13,
E21 = F2√
1 + q2 , E22 = G5, E23 =
F4√
1 + q2 ,
E24 = qe22 − q2e23 + e32 − qe33,
E31 = e41, E32 = F3√
1 + q2 , E33 = e44, E34 = e42 − qe43,
E41 = e21 − qe31, E42 = qe22 + e23 − q2e32 − qe33,
E43 = e24 − qe34, E44 = 1√
1 + q2
(
e22 − qe23 − qe32 + q2e33
)
.
Here
F1 = qe12 + e13, F2 = qe21 + e31,
F3 = qe42 + e43, F4 = qe24 + e34
and
G5 = 11 + q2


0 0 0 0
0 q2 q 0
0 q 1 0
0 0 0 0

= (1 + q2)−1(q2e22 + qe23 + qe32 + e33).
It is easy to see that these elements form a system of matrix units: EijEkl = δikEjl ;
E11 + E22 + E33 + E44 = 1. Therefore the map ξ :∑ij αij eij → ∑ij αijEij is an
automorphism of the algebra M4(C). By Skolem–Noether theorem there exits an invertible
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∑
ij αijEij = T −1
∑
ij αij eij T . The algebra R consists of all elements
of the form
∑
ij αij eij with α14 = α24 = α34 = α41 = α42 = α43 = 0. Therefore T −1RT
consists of all elements of the form
∑
ij αijEij , where αij have the same property.
Since all Eij with i = 4 or j = 4 belongs to I⊥ (see (3)) and E44 also belongs to I⊥, we
have that T −1RT ⊆ I⊥. The dimension of T −1RT equals 10 which is also the dimension
of I⊥. Therefore T −1RT = I⊥. 
Obviously, the subalgebra R (and therefore I⊥) is not maximal in M4(C), but is an
intersection of two maximal subalgebras, R = R1 ∩ R2, where
R1 =


∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
0 0 0 ∗

 , R2 =


∗ ∗ ∗ 0
∗ ∗ ∗ 0
∗ ∗ ∗ 0
∗ ∗ ∗ ∗

 . (4)
This fact means that the dual spaces for T −1R1T and T −1R2T in k[X2] are three
dimensional subcoideals (Lemma 2). Namely, the Manin relations split in two groups of
relations that are minimal (since R1 and R2 are maximal). Thus, we get two new bialgebras.
Direct calculations show that these two bialgebras are defined by the following relations
X12X22 = qX22X12, (5)
X11X22 − X22X11 = qX21X12 − q−1X12X21, (6)
X11X21 = qX21X11 (7)
and
X21X22 = qX22X21, (8)
X11X22 − X22X11 = qX12X21 − q−1X21X12, (9)
X11X12 = qX12X11. (10)
It is important to notice that the new bialgebras are invariant under the transformation
1 → 2, 2 → 1, q → q−1.
Another interesting fact concerning this splitting of Manin’s relations is that each of
these two three dimensional spaces is a coideal for arbitrary values of q . In particular one
may consider these two coideals with different values of q and then combine them to obtain
a new two parametric quantization, since a sum of any two coideals is again a coideal.
Now, we are going to analyze the Dipper–Donkin quantization in a similar way.
A subcoideal I ′ in k[X2] is generated by
X11X12 − X12X11, X21X11 − qX11X21,
X22X21 − X21X22, X22X12 − qX12X22,
X21X12 − qX12X21, X11X22 − X22X11 − (1 − q)X12X21. (11)
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(X11X12 − X12X11)⊥ =


∗ α α ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗

 ,
(X21X11 − qX11X21)⊥ =


∗ ∗ ∗ ∗
β ∗ ∗ ∗
qβ ∗ ∗ ∗
∗ ∗ ∗ ∗

 ,
(X22X21 − X21X22)⊥ =


∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ γ γ ∗

 ,
(X22X12 − qX12X22)⊥ =


∗ ∗ ∗ ∗
∗ ∗ ∗ δ
∗ ∗ ∗ qδ
∗ ∗ ∗ ∗

 ,
(X21X12 − qX12X21)⊥ =


∗ ∗ ∗ ∗
∗ ∗ ε ∗
∗ qε ∗ ∗
∗ ∗ ∗ ∗

 ,
(
X11X22 − X22X11 − (1 − q)X12X21
)⊥ =


∗ ∗ ∗ ∗
∗ η + (1 − q)ε ε ∗
∗ ∗ η ∗
∗ ∗ ∗ ∗

 . (12)
We can now get I ′⊥ in an explicit form for this case
I ′⊥ =


∗ α α ∗
δ (1 − q)γ + η γ ε
qδ qγ η qε
∗ β β ∗

 . (13)
Lemma 4. For q2 = −1, the algebra I ′⊥ is conjugated in M4(C) with the algebra
R =


∗ ∗ ∗ 0
∗ ∗ ∗ 0
∗ ∗ ∗ 0
0 0 0 ∗

 ,
that is I ′⊥ = T −1RT for suitable T ∈ M4(C).
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As in Manin’s case, I ′⊥ is conjugated in M4(C) with the subalgebra R. In this case the
two groups of minimal relations are the following
X21X11 = qX11X21, (14)
qX22X11 − qX11X22 = q2X12X21 − X21X12, (15)
X22X12 = qX12X22, (16)
and
X11X12 = X12X11, (17)
X11X22 −X22X11 = X12X21 − X21X12, (18)
X22X21 = X21X22. (19)
Again, these bialgebras are invariant to the transformation 1 → 2, 2 → 1, q → q−1. In
this case no new multiparametric deformation can be defined, since the second group of
relations (17)–(19) has no parameters.
4. Multiparameter deformations
In this section we use the bialgebras obtained from the Manin and Dipper–Donkin
quantum groups in order to construct a two-parameter quantization. Besides, we introduce
what we call the “one-sided preantipode” map on the generating spaces of these bial-
gebras. We also present the spectra of minimal coideals defined by the q-spinors in the
corresponding bialgebras.
Theorem 1. The Manin and Dipper–Donkin defining relations split into bialgebras which,
upon recombination, produce two-parameter quantizations.
One of these two-parameter quantization was introduced by Takeuchi [14] some years
ago.
Proof. A sum of any two coideals is again a coideal. Take bialgebras (5)–(7), (8)–(10),
(14)–(16) and finally (17)–(19). Recombine them with arbitrary parameters q . (5)–(7) plus
(8)–(10) produce the two-parameter Manin case. (5)–(7) plus (17)–(19) produce the two-
parameter Manin case where one of the parameters is set equal to one. (14)–(16) plus
(8)–(10) produce the Takeuchi two-parameter quantization [14]. The remaining option
(namely relations (14)–(16) and (17)–(19)) is straightforward the Dipper–Donkin case. 
We know that the two-parameter Manin case and Takeuchi quantization have well
defined antipodes. Since we have obtained these two-parameter quantum groups through
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want to analyze the role of the antipode on these bialgebras.
Let us call a “one-sided preantipode” the map S such that either ε(X) = X(1)S(X(2))
(right) or ε(X) = S(X(1))X(2) (left) on the generators X of the bialgebra.
Direct calculations show that the element d1 = X22X11 − qX12X21 = X11X22 −
q−1X21X12 is group-like in the bialgebra defined by the three relations (14)–(16). Firstly,
we try to calculate the “right preantipode”; namely ε(X) = X(1)S(X(2)), or in details
ε(X11) = X11S(X11) + X12S(X21) = 1, (20)
ε(X12) = X11S(X12) + X12S(X22) = 0, (21)
ε(X21) = X21S(X11) + X22S(X21) = 0, (22)
ε(X22) = X21S(X12) + X22S(X22) = 1. (23)
From (20) and (22)
X21X11S(X11) +X21X12S(X21) = X21, (24)
X11X21S(X11) +X11X22S(X21) = 0. (25)
By using (14) we obtain
qX11X21S(X11) + X21X12S(X21) = X21, (26)
X11X21S(X11) + X11X22S(X21) = 0. (27)
From (26) and (27)
(X21X12 − qX11X22)S(X21) = X21.
Therefore
S(X21) = −q−1d−11 X21. (28)
Calculating in a similar way for the remaining elements of the map we find
S
(
X11 X12
X21 X22
)
= d−11
(
X22 −qX12
−q−1X21 X11
)
. (29)
It is very interesting to note that (29) is indeed the “left preantipode” but not really the
“right preantipode” (which, by the way, is what we are trying to calculate!).
To see this, we use the Diamond Lemma [1,2]. Let X11 < X12 < X21 < X22 < y , here
y = d−11 . Besides relations (14)–(16), we now have the following relations
y
(
X11X22 − q−1X21X12
)= 1, (30)(
X11X22 − q−1X21X12
)
y = 1. (31)
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compositions. The relations (20)–(23) are written like
X11yX22 − q−1X12yX21 − 1 = 0, (32)
−qX11yX12 + X12yX11 = 0, (33)
X21yX22 − q−1X22yX21 = 0, (34)
−qX21yX12 + X22yX11 − 1 = 0. (35)
By the Diamond Lemma the relations (32) to (35) do not follow the defining relations
(14)–(16), (30) and (31). Therefore we do not have a “right preantipode.”
On the other hand, direct calculations show that d2 = X11X22 −qX12X21 is a group-like
element in the bialgebra (8)–(10). Using these relations in the above described method, we
get the “right preantipode.”
S
(
X11 X12
X21 X22
)
=
(
X22 −q−1X12
−qX21 X11
)
d−12 . (36)
Again, using Diamond Lemma we see that (36) is not the “left preantipode.”
So far, we have shown a “left preantipode” acting on the generators of the bialgebra
(14)–(16) and a “right preantipode” acting on the generators of the bialgebra (8)–(10). The
next step could be to extend the “left preantipode” to a left antipode [6,10] and the “right
preantipode” to a right antipode. This will be addressed in the near future.
We note that, from the bialgebras (8)–(10) and (14)–(16) (obtained as a result of the
splitting of a one-parameter quantum group defining relations) another one-parameter
quantum group can be constructed. To see this, we present all possibilities in the following
paragraphs.
(i) By asking d2 to be central, S in (36) to be an antiautomorphism of the bialgebra
and adding the resulting relations to the bialgebra (8)–(10), we obtain, as expected, Manin
case.
(ii) By asking d1 to be defined like in the Dipper–Donkin case, S in (29) to be an
antiautomorphism of the bialgebra and adding the resulting relations to (14)–(16), we
obtain, as expected, Dipper–Donkin case.
(iii) Let us require the determinant of the bialgebra defined by (14)–(16) (recall that this
is coming from Dipper–Donkin case) to be central and S to be an antiautomorphism of the
bialgebra. We add the relations resulting from these conditions to the three original ones
and simplify. Then, we obtain an isomorphic image of the Manin case. This means that we
can obtain the Manin case from a bialgebra of the Dipper–Donkin quantization.
(iv) Let us now take the bialgebra (8)–(10) from the Manin case, impose S in (36) to be
an antiautomorphism of the bialgebra and the determinant to have commutation relations
as in the Dipper–Donkin case, i.e.,
X11d = dX11, X21d = qdX21,
dX = qX d, X d = dX .12 12 22 22
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X21X22 = qX22X21, (37)
X11X12 = qX12X11, (38)
X11X21 = X21X11, (39)
X12X22 = X22X12, (40)
qX12X21 = X21X12, (41)
X11X22 − X22X11 = (q − 1)X12X21, (42)
S =
(
X11 X12
X21 X22
)
=
(
X22 −q−1X12
−qX21 X11
)
d−1. (43)
This quantum group is obtained the same way if we set dd−1 = d−1d = 1; dd−1 = 1
(d−1d = 1) or d−1d = 1 (dd−1 = 1). This is a particular case of the two-parameter
quantum group given by Takeuchi; neither the Manin, nor the Dipper–Donkin quantum
group [14].
As a particular consequence of the analysis presented here we can conclude that the
condition for S to be an antiautomorphism of the bialgebras on the three relations from the
bialgebra plus the three relations resulting from the commutative properties of d , is enough
to transform a “one-sided preantipode” (either left or right) into an antipode.
Finally, let us mention that one can easily see that the minimal subcoideals have
q-spinors namely (5), (7) and (8), (10) (or (14), (16) respectively). The ideals generated by
each of these pairs are not coideals. Normally an intersection of coideals is not a coideal.
Therefore, a system of algebraic relations does not define a bialgebra. Using Zorn’s lemma,
one may only prove that there exists a spectra of minimal coideals over the given system of
algebraic relations. Following this idea, it is interesting to find the spectra defined by these
pairs of q-spinors. Firstly, we note that the spectra has a bi-ideal that makes the q-spinors
trivial. For example, for (5) and (7) this is a coideal generated by X12X22, X22X12, X11X21,
X21X11.
Theorem 2. Two algebraic relations, either (5) and (7), or (8) and (10), or (14) and (16)
imply one and only one additional algebraic relation, that keeps the q-spinors nontrivial,
in a bialgebra with comatrix comultiplication.
Proof. Take the two q-spinors (5) and (7) and find the dual space defined by them in
M4(C). Namely,
(
X12X22 − qX22X12, αrstvers ⊗ etv
)= 0, (44)(
X11X21 − qX21X11, αrstvers ⊗ etv
)= 0. (45)
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

∗ ∗ ∗ ∗
qα ∗ ∗ qβ
α ∗ ∗ β
∗ ∗ ∗ ∗

 . (46)
There exist only two maximal subalgebras consisting of matrices of this form. To see this,
let us define the following matrices:


γ δ ε ω
qα η ϕ qβ
α τ ρ β
φ ψ ζ π

 and


γ ′ δ′ ε′ ω′
qα′ η′ ϕ′ qβ ′
α′ τ ′ ρ′ β ′
φ′ ψ ′ ζ ′ π ′

 ,
where we have introduced 14 arbitrary parameters per matrix. We multiply both matrices
and ask the resulting one to be such that its entry (2,1) is q times its entry (3,1)
simultaneously that its entry (2,4) is q times its entry (3,4) (as it is the case for each
one of the factors). From this, the following equations come out
qη + ϕ − q2τ − qρ = 0 or α = β = 0, (47)
which are the same for the primed parameters. Therefore, the two maximal subalgebras are
the following


∗ ∗ ∗ ∗
qα η q2τ + qρ − qη qβ
α τ ρ β
∗ ∗ ∗ ∗

 and


∗ ∗ ∗ ∗
0 ∗ ∗ 0
0 ∗ ∗ 0
∗ ∗ ∗ ∗

 . (48)
The entry (2,3) of the first matrix in (48) corresponds to the relation (6). We follow
the same procedure with the q-spinors (8) and (10); (14) and (16), obtaining similar
results. 
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